Inverse Trigonometric Functions

1 Mark Questions

1. Ifsin (sin':L %— +cos™? x) =1, then find the

value of x. Delhi 2014
: . 1 1
Given, sin [sm : + cos x) = 1

oo 1 " o
= sin '§+cos Ty =sin”'(1)

[ssinB=x=0= sin~' x]

m—— - -_1(.n) e
= Sin  —+COS X=SIn sin — |- sin —=
5 . 2
=> sin”| -1— + COS_1 X = E (1/2)
3 2

0 o
But we know that, sin”' x + cos 1x:5,

xe[-11]

.1 1 .1 1
sin " —=sin""X = X=— (1/2)
5 ¥ 5

Get More Learning Materials Here : & m @) www.studentbro.in



2. fanx % tan“ly = %; xy < 1, then write the

value of x + y + xy. All India 2014

Given, tan”'x+tan"'y = -—E, xy <1

We know that,

tan™" x + tan”! y = tan™ { LA y], Xy <1
1— xy

.'.t;]ﬂq[:’ﬁy]:E = x+y=tan-§: (1/2)

1-xy] 4 1—xy

=> Xl+y=1—X)" - {'."EanE=j|
- 4

= X+y+xy=1 (1/2)

3. Write the value of cosl(—%] +25in'1(%].

Foreign 2014
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wo have, cos (2231
[ Qo2

[+ cos (=x) =1t — cos ™ x]

= [ﬂ: ~ cos“‘[cosﬁ)] +2 sin"(s:n ) (1/2)
3 6

[+ principal value branch of cos™' x is [ 0, ]
and that of sin™" x is [:—ZE E]]

2
=[n—£ +2x 2
3 6

_21t+21t_4'n:+21t_
3 6 6

(1/2)

4. Write the principal value of cos *[cos(680)° ]
Delhi 2014C

3},) Flrstly, wrlte 680° " in 1 the form of (2n 9) and

then use cos(2n —8) =cos® and cos™ (cos EI)

We have cos [cos(680)°]

= cos [cos(2 X 360 — 40)°]

= cos ™' [cos40°] [ cos(2m — 6) = cos 8]
= 40° [+ cos™'(cos®) = 6] (1)

5. Write the principal value of ta n‘l[sin(?)].

All India 2014C
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We have, tan"[sin[~ > )]
= =] _'l e i __] =—1
tan[.] [SIn(z — ]

- q4. (- =
.+ Principal value branch of tan™' is [—, ~—] ;

(
tan"1(—1) =tan"'| —tan E] > {an & 1
\ 4 : 4

== tanq{tan(:;) = :E (1) [ tan"\(tan ) = 6]
J

6. Find the value of the following:

cot(g —2cot 4«.@) All India 2014 C

!
|
i

i) Firstly, use the property cot (12:- - ﬁ] = tan®, then

put cot™'+/3 =-g and simplify.

We have, cot [_ZTE ~2cot™'\3

S
=tan(2 cot™ V3) |: cot(g— -0 |=tan 9] (1/2)

/

= tan(Z X E) cot '3 = cot"(cot E) =
6 6 6

= tan(g) =3 : (1/2)

"l. Write the principal value of

Iic-:ys":L E +cos ™t (— 1)]
2 2 Delhi 2013C
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We have, cos™ ? + cos"(— %)

=C0S —+{ T —cos |—
2 2

[ocos ' (-~ x) =1 — cos™ x]

T'C- T m+6m—-2n 5=
=— T —-—= e
6 3 6 6

(1

; -b
8. Write the value of tan™t (E)— tan 1(5——).
b a+b

Delhi 2013C

Tbla+h
A(A-B
l:'.' tan_l A.— tan_1 B = tan 1(]__+Aé)]
_ (@ rab-ab+b’ a2)
~ lab+b?+a’-ab

(o2 1hR
= tan”' Ez"'_"éi' = tan 'l
\ d +b

= tan™ (_tan—z) = % T tan”(tan®) = 6] (1/2)

9. Write the principal value of

tan™ (1) + cos ™t [— ;) HOTS; Dethi 2013
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-?:f\) Firstly, we check the given angle in principalé
"+ value branch. If it is not so, then convert it.
After that, use the identity

tan™*(tan@) =, cos™(cosb) = 6.

tan~' (1) + cos™" (— —;—)

= tan~ (tan n] + cos” (* coS T—t-) (1/2)
4 , 3

Tt 4 ( n')
=~ 4 cos |cos|m——
4 [ 3

[since, principal value branch of cos™ x is
[0, t], so we convert —cos8 = cos (- 0)]

T 1 2T
= _+C0S | COS—
4 { 3 ]

n 2n 3n+8n
= — 4+ = '

4 3 12
— 1—1}- (1/2)
12
10. Write the value of tan (2 tan~! 1)
Delhi 2013
= ) \
; 1
; 3 % = |
tan [2 tan™" g)z tan|tan™ ——5—2 (1/2)
| i (1) |
i e W

| ( 2X
+2tan ' x = tan™ 5
\1 e §
= tan|tan™ (E—X—S) = tan|tan™ (é- -
24 32 12

[ tan (tan™' 6) = 6] (1/2)
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11. Write the value of tan™ [2 sin [2 cos™ ?ﬂ

All India 2013
tan™' [2 sin (2 cos” ! -;]]

=tan"'|2 sin {cos—1 [2 -%— IJH

g cos ' x=cos™ 2x* =1)]

i g
= tan~' |2 sin {cos" i - 1)}]
\ 2

[ 4
=tan"'{2 sin{cos™ %)H (1/2)
_ \

-

' - T
=tan"'|2 sin < cos™ -(cos ——]H
i 1 3

-
=tan' {2 sin 3;-] [+ cos '(cos®) = 0]

L

5
=tan™"|2- ﬁ]

. 2
=tan”' (+/3) = tan™" (tan g) = %

[~ tan™" (tan 8) = 6] (1/2)
12. Write the principal value of

tan™t (v/3) = cot™ (= +/3) All India 2013
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tan™' (3) — cot™! (=+/3)
=tan”' (+/3) — {n ~ cot™’ (\f?;}}

.+ principal value branch of cot™'xis (0, T .)
L cot™(--x) = n — ot % }
—tan'\3 -+ cot™' V3
= (tan™ V3 + cot™ J3] -

=£_n=_1‘5_ -.-tan"1x+cot'1x=—15(1)
2 2 ¥

13. Write the value of cos™ (%—] ~ 2sin’? (— %)
Delhi 2012

o s s S e - =

Flrstly, we chech the gwen angle in pnncnpai
* value branch, then use the identity :

l sin (s €) =0and cos(cos 9)=6. |

cos“(l) 2 sin"‘(—— -1—)
2 2
= cos™ [cos E] - sin1[sin (— E)]
3 6

[ principal value branch of cos™'x

is [0, ] and that of sin”'is [—— -15, E]]
2 2

(3

_x .
3
[.- cos™ (cos 8) = 8 and sin~" (sin 6) = 6]
T T 2=

_.+_, R

3 3 3 ()
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14. Find the principal value of
tan™' V3 - sec™ (~2). All India 2012

e e

g) Given expression is not standard identity, so we|

separately find the value of tan™}(y3) and1
sec” (—2) then sumphfy it. |

i

e ey e iaat Sl i

We know that, the principal value branch of

tan™'x is (—g,g and that of sec™' is

T
0, —<—¢.
[0, =] { 2}
s tan” '3 = sec”! (—2)
= tan™" (tan E) — sec"(sec Z—JE]
3 3
[ t;_-muﬂi =+/3 and secz—n =—2
3 3

T 2F -

B T
[-tan™ (tan ©) = 8 and sec” ' (sec §) = 9] (1)

15, Using the principal values, write the value of

cos ™t [1) # Tsin™ (1)
2 2 All India 2012C
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We know that, the principal value branch of

i : T W
cos™' xis [0, 7] and of sin™" x is |- — —]

2" 2
. cos”! (—1—) +2sin” (l]
2 2
= cos” (cos -g-) + 2 sin” (sm e

[ T 1 )
‘» cos—=—and sin — =
3 2 6

2 )
T T« 27

=4 —= —
3 3 3

[- cos™ (cos6) =0 and sin”'(sin®) = 6] (1)

2
Delhi 2011

o ¢
16. Write the value of sin [g- —sin™! (— ——]]

I
\) Firstly, find the prlnc:pa[ value of sin” (;J then!

solve it. %

H i
O - AN T B oI §

el o ()

[- sin™' (-0) = —sin ' 0]

T : -1( . ﬂ:) .1
=sin|— + sin” ' | sin — v osin— = —
[3 6 | 6 2

i T - . I
=sinl—+—|=sin—=1
[3 6] 2

[ sin™ (sin®) = 0] (1)
NOTE Please be careful that we do not write
sin”'(—sin©) =8.
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3
1%7. Write the value of tan™ [tan —E) .

HOTS Delhi 2011

Flrst!y, we chech the gwen angle in prmCJpal
il value If it is so, then use the |dent|ty
tan” (tanB) =0,

We know that, principal value branch of

i xR
tan”' xis —, — |
(2 2

. Principal value of tan™' | tan 3:]

= tan™" [tan (rc L E]]
4 :

3—“—6( n 11:)

4 3 "9

B ( n)
50, wr:te_4—as ) o

L

y
=tan | — tan Z) [ tan (m — 6) = — tan 6]
\

s

=tan™' | tan (— %)] [ (= tan 6) = tan (—0)]

m T N
=——€
4 (2 2)

'
tan™" Ltan 3’3'5] SR )
4 4

NOTE Please be careful, we do not write

_1( 31:) n 3n (wn n]
tan'| tan-— | =—, because—¢| —,— |.
4 4 4 2 2

7
18. Write the value of cos™ (cos ?E] :

HOTS; Delhi 2011, 2009; All india 2009
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We know that, the principal value branch of
cos ' xis[0, 7] .

-1 ( 775) o ( 53‘!:)
COS |Ccos— |=cos |cos|2m — —
6 6 ‘

o ¢ [0, ], so
6

write?E = (211: - 5—“
6 6

-

=

+ cos(2m —06) = cosHO
= cos™'| cos 2% 57
B 6 and o e [0, «]

_sn
3
5
cos”) (cos —731 = (1)
6 6

19. What is the principal value of

cos | cos 2_13) +sint (sin Z_n'.] ?
3 3

All India 2011, 2008, 2009C
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We know that, the principal value branch of

cos ' xis [0, w] and for sin”' x is [— g, g]

]( 275\ ” _1( i 275)
80 COS — |+ SIn sin —
3 ) 3

2T ._1P.( n]

=22 ¢+ sin'|sin] - —

3 § 3
.2 ( n)
write =—— as | ® ——
3 3

= =

= 331':- +sin”! (sin %) [ sin( —6) = sin 6]

_Ii% E_ % [ sin”" (sin6) = 6] (1)
3 3 3

20. What is the principal value of tan™* (-1)?
Foreign 2011, 2008C

We know that, the principal value branch of

o -T T
tan XIS| —, — |-
2 2

T 119
.. tan ' (=1)'= tan” ' | —fan— o tan —=1
an  (=1) ( 4} [ - ]

=tan™' [tan [— %)] [ (~tan®) = tan(—0)]

T (-% n:]
=—.._.e e e
4 (2 2

. T
Hence, tan W= =- 3 )]
21. Using the principal values, write the value of
a3
=15 HOTS; All India 2011C
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We know that the principal value branch of

sin ' xis|—=, —
| 2 "2
ol o ] )
s.osin — — sin
3
. T
= sin [sm (— -5]] [ sin (—B) = - sin6]
- —E,n [ sin”" (sin 6) = 6]
3 2 2
Hence, sin' (— ﬁ) S (1)
2 3
22. Write the principal value of sin™ (— %)
Delhi 2011C
We know that, the principal value branch of
T T
sin” xis|——,—
3l
sin”! ( ) =sin” (—- sin )
2
¢ sl T[\1 ; ;
=sin |sin|—— [ sin{(=6) = — sin 6]
6 )
-
e gt 8 [+ sin”" (sin©) = 6]
6 272
Hence, sin”| (— l) .. (1)
2 6

23. Write the principal value of sin™ [-\{;]
Delhi 2010
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We know that, the principal value branch of
e T TEq

sin_' xis|——,—|

[ 3’2

i ] ‘\[5 v s p . T[) ! . R ‘\/5
sin — | = Sin sin—1|*% SH—=—r
3 3 2

T T T
= - it
3 [ 3 "
[

+sin” (sin©) =0] (1)

24. What is the principal value of sec™ (=2)? |
All India 2010

We know that, the principal value branch of
sec ' is[0, m] — {m/2}.

- sec ! (=2) = sec” [— sec %)

here, sec” (- sec E) £ — hi
3 3

) —T T
since, ~3— ¢ [0, ] - {EH

= sec ' | sec (Tl.' - 1;—)] [ sec(m —6) =-— sect]

)
= sec ' | sec 21[] — EE e [0, rt] - {E}
\ 3 3 2

[ sec” (sec6) = 0]

Hence, sec ' (—=2)="— (1)

25. What is the domain of the function sin™* x?
Foreign 2010

The domain of sin™' xis —1 <x<1 (1)

Get More Learning Materials Here : & m @) www.studentbro.in



26. Using the principal values, find the value of

| 1375]
cos™ {cos ——|.
All India 2010C
As the principal value branch of cos™ x is
[0, r].

-1 13x) 13w 13w
COS ' | COS #* as ¢[0, «]
6 6 6

1
Now, cos' (cos —EE] = cos™ [cos (211: i g)]

s cos'{cos g) [+ cos(2T +0) = cos 0]

= —g— e [0, m} [.- cos™ (cos ©) = 6]
Hence, cos™ [cos E-E) i (1)
6 6
27. Iftant (v/3) + cot™ x = g “then find the
value of x. All India 2010C

. _ _ T
Given, tan”' v/3 + cot 1,><=_2_
_ o g
= tan™' V3 == — cot ' x
2
3 ' 2 i _ T
= tan T«f?::tan T x ['.'tan 'x + cot 1><=2]

On equating both sides, we get

x=+/3 (1)

28. Write the principal value of sin™ (sin 3—;—)

Delhi 2009
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As we know that, the principal value branch of

=1 . T T
510 "X IS]——;—|-
2

contfan(Z)] 42 [ 2o[-2.7]

Now, sin™ (sin %ﬁ-)

ofufe-2]

(
=sin”' | sin 2—“] [+ sin(m —6) = sin O]
\ 5
= <% e|- z ) —E] [ sin™ (srin 0) = 0]
5 | 272
Hence, sin™ (sin 3“) -~ 2R (1
5 3

29. Using the principal values, evaluate

tan™t (1) +sin™! (— 1—) .
2 Delhi 2009C
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We know that, the principal value of tan™ x is

(:E,KJ and that of sin™" is|- = T].
2 2 2 2

)
s otan~ ' (1) + sin” -1)
2

3\
= tan”" (tan T+ sin™ (— sin E)
4 ) 6

tan£=1and sinlt—:#
4 6

-

)
=tan™" (tan & +sin”'| sin (-— E)
4 ) 6

[ sin(—6) = — sin @]

. L
4 6 12
[-tan™' (tan®) =06 and sin”' (sin®) =6] (1)

30. Find the principal value of cos™ [?J

All India 2008C
ol V3 1 ( ‘PE) % A
0ns impnn | GOS8 — " CO8 — = —
2 6 6 2

Since, 2 e [0, m]
6
{As principal value branch of cos™ x is [0, ]}

RRVE]
COs —=

T
s 1
2 | & B

6 Mark Questions

31. Solve the following equation:
cos (tan™ x) = sin (cot'1 %]

Foreign 2014; All India 2013;HOTS
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Given, cos(tan™ x) = sin (coﬂ %)

= sin {E — tan™" x} = sin (cot”1 E)
2 4
[ sin(g-—-ﬁ) = cose} (1)

On equating both sides, we get

—ZTE——tan' X=cot  — (1)
-1 13 n
= tan ' x+cot —=— (M
4 2
: _ 3
It is only possible, when x = T
[ tan”' x+ cot™ x= 125 , XE R] (1)

32. Solve following equation for x.

tan™? G — x) - % tan™ x
+ X

Foreign 2011C, 08C; All India 2014C, 2010, 2009C
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Multiply both sides by 2 and then in LHS, use the

¥ relation 2tan‘x= tan! and solve

1-x* |
it.Then, equate both sides to get the value of x. |

Given, tan™ (}_—)i) = 1 tan”' x, x>0
4+ X

= 2 tan” 1_—’{ = tan~' x
1+x)

y n
g|1=X
-4 U+x
2
.
\1+ X

[ 2 tan”' x = tan"( 2)(2]}
1-x7)

= tan =tan” X (1%%)

= tan”' 2(-x{+x Wz'cam“"1 X
A+ 0 -0-x7]
L )
= tan”' [2 2X | =tan' x
4x y
[-a?-b%=(a—b)a+b)
o3
wty 12x =x = 1-x=2x
X
| 1 1
=5 32 =1 = x!=— = x=1t—=(1%)
3 V3
But given, x>0
x=j% (1)
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33. Solve for x, 2 tan™ (cos x) = tan™ (2 cosec x).

Delhi 2014C; All India 2009
Given equation is
2 tan~" (cos x) = tan™ ' (2 cosec X)

< i 2 COS X -1 2
= tan it 3 fan =
\1— cos” x sin X

| o 2x
+2 tan ' x = tan”’ [1 2]] (1%)
- X

2¢cosx _ 2

I sin? x =1— cos? x]...(0)

= — _
SInN” X Sinx

= sinx-cosx—sin2x=0

= sinx(cos x—sinx)=0

= sinx=0 or cos x =sin x

= sinx=sin0orcotx= 1=cot /4

N x-—-Oor% (1%2)

But here at x =0, the given equation does not
n - -
exist. Hence, x=—1is the only solution. &)

34. Solve forx, tan™ x + 2cot™ x = x

All India 2014C;Delhi 2009C

- - = 2T
The given equation is tan Tx+2 cot ' x= o

‘ 41
We know that, cot™ x=tan™ =

So, the given equation can be written as

(1 27
tan~! x + 2 tan 1(—-):-—
X 3
1
_‘[ : _1 x
t = —
- tan  x + tan 171 3
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U x2)

[ 2tan ' x= tan” [ = 2]]
1—-X

2
¥ 27
= tan~'x+tan '} =X—|=
x* -1 3
\ v
\ 2n
— tan~' x + tan™ 22x = (1%)
;
e 25
1 x“—=1]| 2w
— tan” | ————|=—>
. 2x 3
T
+
[ tan‘1x+tan‘1y=tan"1[x y)]
1— xy
o (EREB oW (1%)
x? —1-2x 3
x3+x =tan( __E)
i —~1-x2 3
jl’%:-tanﬁ
— (14 x9) 3

[- tan(mw—0) = —tan 6]

XU+ B oox=3 )
= f4-x%)

35. Prove that
oft J1+sin x +4/1~sin x . (O,E).
\/1+5inx—\/1——5inx 2 4
Delhi 2014C, 2011; All India 2009
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R 1+ sinx + - sin x
) | _\/1'-1- sin x — /1 sin x

. 1] 4/1+sinx + /1-sinx
= Ccot = =
T4+ sinx —/1-sinx

y J1+sinx +/1- sinx:| )
A1+ sinx + 41— sin x

[multiplying and dividing by conjugate of

denominator, i.e. by v1+ sinx + v1— sinx ]

: ——
=cot1|i(‘/1+smx+‘/1 sin x) } .

(4/1+ sin x)? — (/1= sin x)?

.

[ (a+ b)a-b)=a®- b3

- cot-1 | 1 sinx +1— sinx + 241 sin’ x
1+ sinx—1+ sinx
= cot™’ i 2.cos x] [+ 1= sin” x = cos? x] (1)
| 2sinx
B -
F 2 cos® ~
= cot™" —-—-]+,COS x]= cot™! .
B 2 sin = cos >
L 2 -

l_ 2 X i 5y A X_I '
 Ccosx=2cos” ——=1and sinx=2 sin = cos =
| 2 2 2]
=cot | cotX|=2 =RHs (1)

21 2

Hence proved.

Get More Learning Materials Here : & m @) www.studentbro.in



36. Prove that

2tan*1[1] +sec™t EJ-—E +2tan‘1(l] =% 4
15 s 8 4

Delhi 2014

.LHS=2tan“1(£)+sec‘1 ﬂ +2tant A
5 7 8

=2 {tan‘1 51 + tan™! g} + sec”! 5—£

[ 1.1 ] 2
=9 a4 -———51 81 +tan"‘\/(~—5ﬁ] -1
fesgm s 7
' L~ 5 B
tan"x+tan"y=tan"{x+y}
T=xy]| (1)
land sec”' x = tan™" \/x% — 1
:2tan'11—31+t;:1n‘1 -5—9-1
39 V 49
=2tan*i§i+tan i)
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[ 1
2 W= 1
= tan™' 3_t+tan'
B
T |
3 .
[’:2t::1n‘1).:=taln“1<If ok } (1
[
| 3.1 ]
13 1 1 4} 4 7
= tan --+tan —=fan {——< %
4 F 3 1
1-—x—
| 4 7.
=tan" (1) = tan™ (tann) L4 RHS (1)
4 4

[.- tan™'(tan®) = 8] Hence proved.

3". Prove that tan™ (Lt Xl —X
\[1+x+\/1-x

1
— —CO0S x——~£x<1
2 J2

All India 2014, 2011,2014C; HOTS
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LHS = tan™' | Y L :l
e F
Let x = cos 0, so that cos™' x =8 &)

J1+ cos 8 — \/1- cos®
J1+ cos 0 + ,/1- cos 6

Then, LHS = tan™ [

=

] 5 =
ﬁcosz-ﬁsini

\/Ecosg+ 2 sin—@-
2 2

-1

= fan

['.'1+ cos 0=2 cos? gand1 — cos 0 =2 sin? g]

i (1)
u::osg—sin9 |-1-tan?~
=tan™’ 2 2 | = tan™ 2
e . 6 0
Cos 2 + SIn — 1+ tan —
[dividing numerator and denominator by
cos (8/2)] (1)
=tan™' | tan (E - E
4 2
[ tan (x—y) = tan x — tan y}
1+ tanx tany
T 0 i
=——— ‘*tan (tan©) =0
22 [ (tan 6) = 6]
g } cos™ f"ﬂ—.r(ﬁ"‘){]
= RHS Hence proved.
qfx-2 a(x+2 o
. Iftan™? + tan” = —, then
38. Iftan [X_a) [x+£+) >
find the value of x. All India 2014
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Given, tan' | X= tan~' | 23 L4
X— 4 X+ 4 4
[ x-2 x+2 ]
1 x—4 x+4 T
= tan =—
1— _X - 2 X+ 2 4
] x—4)\x+4 )

[ tan 'x +tan 'y = tan™’ (

+

y

i H(n
1—Xxy

Get More Learning Materials Here : &

(x-2) (x+4H+{x+2) (x4
= tan’ x-4 x+4 = &
x-—Hx+4)-x-2)x+2)| 4
! (x—4{x+4
x? —21«’.+4><—8.+;»<2 —4x+2x—8
=# 2 2
(x“ -=16) — (x* — 4)
= tan T (1)
4
2%° =16
= —_— =1
-12
=  2x*-16=-12
— 2x>=-12+16
= 2x2=4 = x2 =2
x=1+2 (1)
Hence, J2 and —+/2 are the required values of x.
(1)
39. Prove that
2
cds’l(x)+cosl{%+ 3—23x }:“.
ill India 2014C
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We have to prove

- gl A3-3| m
cos (x)+cos {—+ ———p = —
2 ;.

2
- 2
LHS = cos™'(9 + cos | X 4+ 2 =3
2 2
Let cos”'x=0 = x=cosu (1)

Then, LHS =0+ cos™'

[cosa - ms-;E + ? \/1 — cos? a]

k T m .
o + COS 1[cosg cosa, + sm;sma]

[ sina. = V1— cos?a, sing = ﬁ} (1)

2
= o+ cos“"[cos(g = (x)]

[+ cos(A — B) = cos A cosB + sin A sinB] (1)

H

a+£—a=g=RHS (1)

40. Prove that cot 7 +cot™*8+cot™118 =cot™3
Foreign 2014
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To prove, cot™' 7+ cot™'8 + cot 18 = cot™'3
LHS = cot™' 7 + cot™ '8 + cot 18

:
=tan'1l+tan_‘l+tan'1r
7 8 18
-1 1.
el oo N N — (1)
tan"1x
i 1,1 !
- a 1
=tan" 7 8 _|+tan™'—
an _1 x( ) 18
7

A+B
-~ tan” tan 'B=t (1)
[ tan A + tan an”! 1= AR

/
= tan” 1E)+t.’:1n_1—-1—-
\55 18
/
= tan”" -i)+ 'Ean_T--L
11 18
o T
ctan | — 1118 |- tan™ Pi] (1)
tan 3) [1) (195
SRS AREY)
i 1 1
= tan~ KE = cot 3=RHS (1)

Hence proved.
41. Prove the following:

C0t1[\/1+ sinx ++/1— 5””}:5 ;xe(O,E)

J1+ sinx —+/1-sinx | 2 4

Delhi 2014, 2011; HOTS; All India 2009
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) Use the relatlon
1+ s:mc"--c:t:;s2 2+ sin® i+ 25m—cosi
2 2 2 2
g 3
=| cos 5— + sin —)
2 2
! Forxe (O,E),
| 4
s l—sim::c:c;sziai-sinz35—2sin3(-cosi
| 2 2 2 2
|
| =|cos X —sin> ) and then simplify.
3 2 2
|

1/1+ Sin X + ,h— Sin X
LHS = cot™
«/1 + sin X — 1_/1-— sin X
\/( s van) e J
COS —+'SIN =1 |} CO5 = ~ 5N -
= cot™’ : 2) Y\ 2 2
2 Ir, 2
X . X X X
(cos — 4+ sin —{| — } COoS -- — sin -
i 2 2) U 2 |
(1%2)
X X X . X
COS — + Sin - + COSs - — Siri -
LHS=COt‘~1 2 2 2 (1)
X X X X
COS - + Sin - — COS - + Sin -
2 2
2 Cos j .
=cot = | = cot [cot—) (1/2)
2 sin - 2

- The principal value branch of cot™ ' xis (0, T ).

cot"‘(cot i) -
2 2
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» LHS=RBHS Hence proved.

NOTE ifx e (O, %) then /1—sinx =cos % - _c,in—)—:;w

and if x € (—g n) then {/1-sinx = sm-;i —COS %

Alternate Method
LHS = cot™! J1+ sinx + /1= sinx
\ﬁ+5|nx—f——smx
p— L1+ sinx + xﬁ__ sin x
J1+ sin x — /1= sin x
\f1+ smx+\/1——smx
1/1+ smx+\/1-—- Sin x

[by rationalising denominator] (1)
_ cot"’l: (J1 +sinx + JI — sin x)2 J
(\1+ sin x)? = (/1= sin x)?
[.(a+b)(a—-b)=a’- b7

| 1+ sin x +1— sin x + 241 - sin” x
= cot : - :
T+ sinx -1+ sinx

Fo @+ b)?=a%+b?+2ab]
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= Cot"‘(gig—cg-i{}[? cos x = y/1- sin? x] (1)

2 sin x
. 2 X
( 2 COS
= cot™| 1+_cosx = cot™ . (1)
Sin x

X X
2 sin -- COs -
2 2

* 14 cosO = 2 cos’ g and sin® =2 sing cos—z_]

—_—

[ :
= cot"[cot —;—] = —; = RHS

[ cot™ ! (cot 8) = 6] (1)

42. Prove thatsin™ i) +sin7? (3 —=cos [-?é .
17 5 85
All India 2014C; Delhi 2012, 2010C
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b T

Let sin”! E.)” )
17 _
and sin”~’ E):y (ii)
5
. 8 . 3
= sinx=-— and siny=— (1)
17 e
Now, cos?x=1-sin’ x |
64 225 [225
mlea e T T s pg e [T
289 289 V289
= c_()sx:E (1)
17
Also cos’y=1—sin‘y=1- ]
' - 25
e 4
= cosy=.— = cosy=-— (1)
YZ\25 7=

We know that,
COS(X +y) = COSX COSY — sinx siny

15 4 8 3
- cosix+y)=|—X—|—-] —X—
172 5 17 5

60 24 36
= cos(x+y)=——-—=>—=
85 85 85
(36
=3 X+ Yy = COSs (——-] (i)
85 :
i | sin”™"! —8— +sin”™! 2’ = oS~ §9 (1)
17 5 85
[ from Eqs. (i), (ii) and (iii)] Hence proved.
43. Show that tan (}u sin* EJ s ﬁ
2 4 3 All India 2013
Tos prove, tan| & sic? 2| = 4-7
i rove, — —|=
= E 2 4 3
Y D ,
LHS = tan 1 sin”"! «—) csukl]
2 4 '

1 o e B
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Let wzﬁsin“'Lszﬁ Ly

. sin” [E)=26 = sin20 = 3’ (1)
4 4
. 2 0
=3 ,_Z_Ellf_zi v 8in20 = — —t—alz--
1+tan“ 0 4 1+tan”“ 0
= 8tan9=3+3tan28

= 3tan’0-8tan®+3=0

Now, by Sridharacharya’s rule

8+,/64 36 8+J— -

23

8+27 4++7 1[4iﬁ)
— el ey e tan “'——i_"

tan©

6 3
[~tanB8=¢=0= tan”' 0]
So, from Eq. (ii), we get

.
2 sin”™' (z] =tan™ (4 ik 7} (1)

2 3
Taking (—)ve sign, we get

o (3o 557
—sin”' |~ |=fan" | ———
2 4 3

On taking tan both sides, we get

(
tan l sin”’ —‘1): tan { tan™’ __‘[7_
\ 2 4 3

& 3] 4=of7
= tan|—sin  —|=
\ 2 4 3
[ tan(tan™' 0) = 0] (1)
= RHS Hence proved.
44, Prove that s,in‘li+sin‘:l 3 tan™*
i I 5 36
Delhi 2013C
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s .
To prove, sin#1§—+ sin JE I 77
17 5 36
. 18
Let sin 1——:xand sin .'-i =
17 5
= smx——g— and siny = 3 (1)
17 5
Now,c052x=1—sin2x=1— 64 =225
289 289
225 15
= COSX=,— = —
V289 17
9 16
Also, cosly=1-siny=1—-—=—
d 4 25 25
= oSy = 4/1 6/25 = 4/5 (M

We know that,
cos(Xx + y) = COSX COSYy — Sinx siny
15 4 8 3 60 24 _ 36

7775 1775 85 85 85
(&)
= X+Yy=cC0S

85

= sin“(—q—) g sin"[i) = c05'1[3m€1) (1)
17 5 85

Again, let cos—*[g’-ﬁ—) =7 = COSZ= 36
85 85

then, tanz = 7 (1)

477
36

_ i T _136_
= Z = tan 5% = C0s — = tan

On putting this value in Eq. (i), we get
.1(8j] : 4[3) .4(77)
sin | — |+sin" | ={=tan" | —
17 L 36 (1)
Hence proved.

45. Solve for x, tan™!3x+tant2x = (i

Dethi 2013C, 2009 ; All India 2009C, 2008
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o a ’ n
Given equation is tan"*3x+tan™' 2x = L

= tan™" i )—E ()
1—3xX2x 4

A+B

—1 il i

A+t B = tan

[ tan an (1 > ABH

T
::»tan"( b )=£=> X =tanz

1-6x2) 4 1-6x° |
[-tan™' (8) = ¢ = 0 = tan ¢]
5x
- -2=1
1-6x
= 5x=1-6x" (1)
= 6x2+5x—-1=0
= 6x2 +6x—x—-1=0
— 6X(x+1D—-1x+1=0 (1)
=5 Bx-Nx+1)=0
=3 6x—1=0 orx+1=0
=% x=1/6 orx=-1 - (1D

But x = — 1does not satisfy the given equation.

. ]
Hence, required value. of x is -E; -

46. Find the value of the following:

ol
tan = | sin~® 2x2 reost|L y?_ ,
2 1+x 1+y

if [x]<1,y>0andxy<1 Delhi 2013
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Q Firstly, use the relation

2
2tan x=sin! 2 |=cos™ =% to
Y4 1+ x°

convert into tan™’, then use identity relation
tan(tan0) = 6.

_______

1 . f 2x 1 (1-y?
tan < — sin > + — COS 2
2 1+ x 2 T+y

= tan [21 2 tan"" x) + % (2 tan™ y)] (2)

2
-+ 2 tan”! x = sin”" 2x2 :(:a:)s"1"I x2
1+ x 1+ x

=tan(tan”' x + tan”'y)

= tan [tan*1 ( By ]]
T—xy

tan”' x+ tan'y = tan~' [ 2 Y
1—xy

Xty

[~ tan(tan™' ) = 0] (2)

e Xy
4'. Prove that

tan™ ol PO = +tan™ (}—):E.
2 5 8 4

Delhi 2013; All India 2011, 2008C
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To prove,

tan™’ (l) +tan™ (1) + tan™" (l) s 0
2 5 8) 4

1 41 1
LHS = tan —)+tan ( )+tan [ )
\ 2 5 8
(1 1
i + 1
=tan”'[2—2 |+ tan™" (-] (1%)
ek -
. 10
[ tan™" x + tan™'y = tan™ ( il ] , xy < 1]
T—Xxy
=tan~ ( )+tan 1(}
7.1
=tan"'| 28 (1%)
’l....
72
[ tan”' x+tan 'y = tan”’ (x Y ) , Xy < 1]
1-xy
56 +9 (65)
=] tan
72 -7 65
=tan~' (1) = tan™ (tan E) T _RHS (1)
4; A

Hence proved.
48. Prove that

Delhi 2012;HOTS

Get More Learning Materials Here : & m @) www.studentbro.in



X . 2X
2——smz—::md:g

2 2 |
sinx = 25in§cos§. After that use the relation%

"~ ;
i 3.,? Firstly, use the relation cosf = cos
|

|
E tan(A—B) = Tens - tan and simplify it.
| 1+ tanA tanB iy
..1( COs X
LHS=tan | ————
1+ sinx
(
: R
cos? X —sin2 X
= tan™’ z E
cos? = +sin2 2 + 2 sin (:(}s--)F
\ 2 2 2 2
i % o og ]
"> COS X = COS° 5 Sin° —
X X L
and sinx = 2 sin — cos —
L 2 2 |
X . X X . X
cos — — sin— || cos = + sin -
p— ( 2 2)( 2 2)

x . xY
COs — + sin -
ey

- -

[-a? - b%?=(a—k)(a + b) and

(a+ b)? =a? +2ab + b’

X . X
COS-— — Sin -

= tan™' ;?( i (1
COS = + sin—
2 2

On dividing the numerator and denominator
by cos x/2 , we get

( X . ox)
COS sin
2 2
X X X
COS-- COS 1—tan
LHS =tan™' 2 2 1. tan™ 2
X -
cos—  sin - 1+ tan
N P 2
X X
Cos - COS -
\ 2 2
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T X
fan = — an=
= tan”! 4 2 (1)
T X
1+ tan - tan-
4 2

il T
e ’t.:—mE and
4

X i X
1-tan — = tan — - tan —
2 4

L

- [tan (_‘g _ 5]]

tanA — tanB _ tan(A - B)
1+ tanAtanB
L.
4 2
~tan” (tan®) =0; x € [—- E, 11:)
2" 2
= RHS (1) Hence proved.

49. Prove that

cos | —=|+cos | ——=|=cos | —|
! 13 65

All India 2012: Delhi 2010C. 2009
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\
Let COS“T& = X (D
3
\
i COS“‘(E =y i)
13)
= cosx=iand cosy=l% (1)
5 13
We know that,
sinzx:1—c052x=1_lfl=2_v
28 25
. 9 3
= sinx=.,—==
\/25 5
and I ST .
169 169
;25 5
"= V169 13 -

Now, we know that,
cos(x +y) = cosx cosy — sinxsiny

4 12 3 5
= cos(x+y):[—><——]—(—><——)
5 13 5 13

_ 48 15
N
33
= cos(x +vy) = — (1
(x+y 65
A3
= X+y=008 —
65
14 112 <4 33
= (C0S —+C0S — =CO0S — L)
5 13 65
[From Egs. (i), (i) and (iii)] (1) Hence proved.
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50. Prove that sin™ [9) —sin! (—5—)4{05_1(2).
65 13 5

Foreign 2012
. To prove,

.= 63) g I ( d ) = (3]
s -— 1 = SIN -— | + COS —
65 13 5

Let sin”’ %=x = sinx=

.. (i) (1)

vl | w :J|u1

and cos™ %:y = Cosy=

by e d

Also, cosx=4/1—sIn" X

\/1 25 (144 12
169 V169 13

and siny=+/1-cos’y

_\/__9.__\/&_: (1)

We know that,
sin (x +y) = sin X COSy + COS X Siny
5 3 12 4 15 48 63

=—X—+4+—X—= = (1)
135135656565

= x+y=sin" (9—%] (i)
65
[sin®=¢=0=sin" ¢]

= sin’ (—5—] +ges (g’) = sin”" (@) (1)
13 5 65
[ from Eqs. (i), (ii) and (iii)]
Hence proved.

51. Solve for x,
2tan sin x) = tan"*(2sec x) , x # g

Foreign 2012
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To solve, 2 tan™' (sin x) = tan™' (2 sec X)

2 sin x

2)()
1

v 2tan " x

= tan' :
1—sin

COS X j
On comparing, we get
2 sin x 2
= 5— = (1)
COs” X COS X
= fanx=1 (1/2)
3
= x=tan (1) = t::m'“(’tanE e (1)
4) 4
uf ¥ 1| X=Y
52. Find thevalueof tan™ | =|—-tan™ | —=|.
y) X+y
Delhi 2011
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~

) Use the relation

tan'x—tan” y=tan"!| 22X |
1+ xy

We have, tan™ (i] ~ tan™ (X - y)
y X+y

(x x-y )

= tan

A1 ¥ XKy (11%4)
X (x + ~y

14 -y

(2

. Y XtY)
= tan™’ ””"‘””Z (1%)
Lxy +y? + x* — xy

[ tan”' 0 — tan™ ¢ =tan {
)

-1

= tan~

.
+
= tan™' X2 yz)—tan“"ﬂ)
Ly’ + x

{'.'principal value branch oftan™ x is (%ﬂ: En]

= tan‘(tan %] — % - (1)
53. Prove that

Al 5 1) 1 (31}
1+t Zl=tan™ | =
2 tan (2]+ an (7 17

All India 2011; Delhi 2009C, 2008C
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2x A

Q Use the relation, 2 tan™! x = tan™} .
1-x2)
\\
and then tan™'x+ tan_lyztan_l e
1—xy)
=1 1 “‘1 1
LHS=2tan™' | = |+ tan" ' [ =
2 7
= tanﬁl 2_)(_(_‘!_/_2% = tan_1 l
1-(1/2) 7
|: 2 tan™' x=tan™' [1 2x2)] (11%%)
- X
.
= tan™ --1——- + tan™! [lJ
1 7
; .
. 4
(
=tan™ L +tan™! (1)
\3/4 7
4 1
=4 | -1 i} & 3
= fan — | + tan — |=tan 27 (1%
3 7 4 1
' 1- X
3 7
e (2]
1—xy
28+3
o 1 21 w1 3
= tan -2 =tan” —=RHS (1)
21

Hence proved.
9% 9 . 4 1) 9 . =1 2~/2
. P that — — —sin — | =—s5INn il el |
54. Prove tha . (3 7 :

Foreign 2011
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Method |
Let sin™ [%) = x and sin™ (%) =¥

Then, we get

T 242
sinx=—and siny = ——
3 3
Now, c052x=1—sin2x:1—l:§
9 9
= COS X = \E:& )
9 3

L
9

=5 cosy = \/g=% §)

Now, sin(x+y)=sinxcosy+ cosxsiny

Similarly, cos’y=1-sin’y=1- g =

_1, 1,22 22
3 3 3 3
g 9 9
: . T
=3 sm(x+y)=1=5|n—2+

[ principal value branch of sin™" x is
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PV
2

| (1] A 2\/5 T
= sin — | <+ SN —_— = —
3 3 2

e )

9 _1[1) 9 ﬂ1[2J§} I
= =sin 7 +zsm —— ==

3 8
[multiplying both sides by 9/4]

- 2L (1) 2 (2] o

8 4 4

Hence proved.
Method 11
To prove that

or 9 .4(1] 8 (a7
——=sin" | —|=—=sin"" | —
8 4 3) 4 3

:gsm4(J§) (1)
4 9

= RHS Hence proved. |
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1 Y
55. Prove that tan™ i +tan* =i tan 3

All India 2011C

To prove,

tan”’ (1] +tan”’ (2) (1) tan” (4) (i)
4 9) \2 3

Above equation may be rewritten as

2 [’[an_1 [-1—) + tan”' (-Z—J] = tan™" (f) ...(ii)
4 9 3
Now, LHS =2 [’[.’:m’1 (1] + tan™ (12-)]
4 9
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T 32
oo
= 2 tifin_1 41 92 @
1- - x 2
i 4 9)/]
tan'x+tand]y=tan_1{x+y)]
b i 1= xy
(9 +8
R <17
=2tan'1-30__|=2tan'|-Z
N B 34J
\ 36
1 2 x :
=2tan”' |- |=tan”" | —2 v
2 1Y
i
b 2 =
+2tan” 'x=tan™" 31_
|~ 2
o _1_1 e (j&)zRHs (1%)
- 3
4

Hence proved.

56. Solve for x, cos (2sin™* x) = % x>0

All India 2011C; HOTS
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Given equation is

cos (2 sin™’

1 ;
X)=-—,x>0 ...(1)
9
Put sin'x=y = x=siny (1/2)
Then, Eg. (i) becomes, cos2y =%
[ siny = x]

1
= 1-2sin‘y=—
Y 9

[- cos20=1-2sin? 6] (1)

=  2sin‘y= TS (1/2)
9 9
Lo 5 & .
= SinN“y=— = X" =— s siny = x|
¥ = 3 [ y
= X==F [taking square root] (1)

]

3
But it is given that, x>0

2

o (1

3

Alternate Method

Given equation is cos(2 i ) = %, %0

= cos (sin~'2x 41— x* =l

[ 2sin”" x = sin”'(2xy/1- xz)] (1)
=% COS {cos e \/1 - (2x \/1— xz)zJ - 1

9

[-sin™' x = cos 41— x2)(1) -

= Jl - 4x%(1-x? =% [ cos (cos™' 6) = @]

On squaring both sides, we get
81(1— 4x* + 4x*) =1
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= 324x* - 324x2+80 =0
81x* -81x* +20=0
* [dividing both sides by 4]
= 81x*-45x2-36x2+20=0
= 9x* (9x? =5)-4(9x* -5)=0

J

=3 9x* -5 9x* -4 =0
= >~<‘?=~1-:’—0r-£}-:*.»;f(:i»\@o'ri3
9 3
But x>0
5 2
X=+-— or — (1
3 3

But here, x = does not satisfy the given

equation.
x =2 /3 is the only solution. (1

NOTE While solving an equation, please be careful
on squaring the equation. Sometimes, it may
give extra value, which do not satisfy the
given equation.

4 3 217 =
5%. Prove that2 tan™ . tan™? =
Delhi 2011C

| "ff'“s;? Firstly, apply 2tan™ x=tan™ 2x2 to
J 1—-x

evaluate 2 tan™ (-i_)and then apply

tan! x—tan™ y=tan!| 2= |and get
1+ xy

the desired result.

|
|

To prove that 2 tan™’ (i] ~tan™! [lz) ..
4 31 B
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(1)

-+ 2 tan” ' x = tan™ 2x2
11— x
/
(372 )_ _— (_1_{]
\7/16 31

(E)
\31

=tan”'| —Z 31 (1

Bf)

[ tan™' x —tan”y = tan™" (x = y]]
1+ xy

1(24x31-17x7
= tan
\7X31+24x17
1(744-119 " (625)
= tan = fan —
(217 + 408 625
=tan™' (1)
= tan™’ (tan E) o 1= tan L
4 4
=L RHS
4

[+ principal value branch of

tan™' x .s(-g—g)] @)
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58. Solve for x,
2
tan™ [ 2K ]+cot'1 ot 3 A
Tres® 2x 3

Delhi 2011C; HOTS

"5‘,’?\:? Firstly, write c:*::“c']‘(:L x J=tan'1( o ]by

applying formula cot™ x=tan"' L and then
X
OB cscdic

F

Given equation is

.
tan™ 2x2 + cot™ st =£,—1<x<1
1-x 2x 3

o 1

We know that, cot™ x=tan"' —, so by using

this result, we may write

2
cot™ (1 ;: ]: tan”! (1 2x2) (1/2)
-

Then, given equation becomes

af 2% _1 (2x ) =
tan > + tan 5= (1/2)
( h
= 2 tan”! 2"2 =& (1/2)
\1-x") 3
..1( X i T
=> tan | —— |=—
\1—x7 6
2x i 1
iy -tan—-—

243x=1-* (1)
x2 +23x-1=0

—2\/§i1/12+4

U

U
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= 5 :
2
b+
[- we know that, x = —b;—-—-@ where,
a

D = b?% — 4ac]
~I3+a 4-23 4243
= = or )]
2 2 2
= x=2 =3 af — (2 £+/3)
But it is given that —1< x<1, s0o x=—-(2 + \3)
is rejected.Hence, x =2 — V3 (1/2)

59. Prove that

far e =2 eas [1 “x) ,x€(0,1).
2 1+X) pelhi2010;HOTS

=X

? Put Vx =tan® = O =tan™" Vx

2
and then use cos 20 = }_ﬂiﬂ
1+tan“06

(1—
To prove, tan”' Vx = L cos™ X ., xe(0,1)
2 \1+ X

11— (/)2
WX 1 @)
1+ (J—X)z]

RHS = % cos™

L
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On substituting Jx =tan®, we get

RES = £
2

1—tan’ @
1+ tan’ 0

= % cos” (cos 20)

=lpg=9
2
= tan"' Vx

= LHS
Alternate Method

* 1 .5
To prove , tan "Wx = ECOS 1(

|:__1-—tan2A

"1+ tan? A

[.- cos™' (cos 6) = ]

[0 =tan" ' Vx] (1)

Hence proved.

1—x
1+ x

LHS =tan 'Vx = %(2 tan~" v/x)

1 =
= — X C0S
2

{ 2tan 'x = cos“{

1 __](1‘—3(
= — CO0S S m—
1+ X

2 .

60. Prove that

fos (\/})2]

)=RHS

Hence proved.

A(2) s (2) s (2
cos .[13)4-5!” (5 sin 65
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= cos2A]

), xe (0,1)

)- Delhi 2010
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5 i‘: ) Use the relation sin x+ cos 2x=1 Find the
. * value of sinx,cosx,siny and cosy, then use|
relation sin(x + y) = sinxcos y+ cosxsiny

Let cos™ %— = x and sin”’ % =y

= C(:rs,,‘x:1—%.‘:mdsinyz-:i (1)
13 5
sin? x =1— cos® x
2
=1- (12) [ sin?@ + cos’ @ =1]
13
144 25 : 23 5
=1- — = SiNX=,——=—
169 169 169 13
2
and cos’y=1-sin’y=1- A
5 25 25
16 4
= COSYy=,-—=—
25 B | (1)

Now, sin(x+y)=sinx cosy + cos xsiny

:>sin(x+y):{ix4) 1& ;j’,)
13 5 1375

_ 20 36 56
65 65 65

- (1)

— 5‘,in(3~:4-),/)“§--Ei = X+ —sin“(
65 £

= cos (E) + sin™’ (E) = sin”! (5_9)
13 5 65
e -1 1_% o b :_3
[. X = COS (13)andy—5m (5)] (1)

Hence proved.
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61. Prove that

. i 2x | 3x — X3
tan1x+tan1 = tan
(1— xz] [1—3)(2]

All India 2010
=30=3tan"' x [-8=tan"' x] (1)
=tan"' x+2 tan”' x
=tan”' x + tan™’ i ; (1)
1—x

{':2 tan' x = tan™" [1 zxz]:lz LHS
-

Hence proved.

. I 1+ x*
62. Prove that cos [tan™* {sin (cot™ x)}] = T

All India 2010
-1 : xed] 1+ X2
To prove cos[tan™ {sin(cot™ x)}] = =
' 2+x
LHS = cos[tan™" {sin(cot™ x)}]
let cot™'x=0 = x=cotB (1/2)

Then, LHS =cos[tan™" (sin 6)]

= COS l:tan1 ( ! )] (1/2)
cosec9

[ cosec B = —1—]
sin @
. 1

J1+ cot? @

[ cosec’ @ =1+ cot? 6]

1
J1+ x*

= Cos|tan

= cos | tan™

U cotd= i

1\
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vy

o 1 1
where, tan™' | ——— | = portan ¢ =
L/l+x2] ' 1}1+x2
1 1
= | “ secO =
sec ¢ [ Cos 9]
1 i |
= [ tan? 0 + 1= sec’ Q]
1/1 + tan’ ¢
= 1 tan ¢ = ] (1)
Jf;_ 1 J1+ X2
1+ x2 :

2
_ 1 _ 1+ x — RHS )
hex?+1 Y2+

V o1+ x?
Hence prived.
Al w
63. Solve for x, cos™ x +sin™* (E)ZE
All India 2010C
. » ot h XY
Given, cos™' x + sin™’ (—) = —
2 6
o L o ] A
=3 €05 X=—=8in" =
6
1 X
= X=cos|——sin" =
(6 )
(1’ .1 X
= X=C0S— COos{sin  —
6 | 2

+sin = sin (sin“1 i) (1)
6 2
[ cos(x —y) = cosxcosy + sinx siny]

\/5 ( -1 X) 1 x
— X =——— O8] SHY =] p—r—
2 2 z 2
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N >
= x=l?~cos[cos1 1—£—]+mx—

4 4
[ sin~'@= cos™' /1 ——82-]
2
=3 x=£ i Gl
2 1\ 4) 4
X \@“ X2 |
S

4 _f
“'( 2 )
- X Bl X (1)
4 2 4|

9')(2:9_{1_5_2_} — ixzz'i—_}f_z.

16 4 4 4 4
2 2
4
= ’=1 = x=+1 (1)

But x = —1, do not satisfy the given equation.

Hence, x=1, | 1)
64. Prove that2 tan™ 14 tan 11_x
' 3 7 &
All India 2010C
A1 iy
To prove 2 tan™ (—-] +tan™ (l) .
3 7) " 4

LHS =2 tan™" (1) + tan™] (1) \ ()
3 7

We know that, 2 tan™' x = tan™" [ 2x2]
1-x
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Using this identity, we can write
L — B

Ztan'{%] tan™" 3 = tan™' 213

s
= 2tan” (_)-tan ( )

(1%)
On putting the value of 2 tan"(-;) in Eq.(i),

/'""'_"'\
L,u_n

we get
LHS = tan™" (-?1) + tan™! (])
4 7
Bal 21+ 4
an 37779 (233
Towice Mol  f e T
4 7 28
[ tan™' x + tan”' y = tan™ [u)]
1—xy
25
=~ tan~V| 28 | = tan! 1
tan :2 _5 tan (1) (1%2)
28

-+ The principal value branch of tan™'x is

)

392

- LHS = tan1( tan ~ ) = R 1
4) 4

Hence proved.
65. Solve for x,

-1

tan‘1%+tan =—E—,J{§> x > 0. Dethi 2010C

:
3
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Given,tan“1i+tan_1gzg,x/g>x:>0
e ||
..... _+.
- tan'|2—3 |=E
x? 4
A T
k. || G
[ tan”' x + tan'y = tan” (x L y]] (11%4)
1—-xy
X+ 2x
s O 5 =tan£=> 5x2= [ tan—=1]
6 - X 4 6-—-x
6

5x=6 —x* =>x*+5x—6=0
X2 +6xX—x~6=0
= X(x+6)—-1(x+6)=0

!

— x=1N(x+6)=0

= x=1 or —6 (1%%)
But it is given that, J6>x>0=x>0
~.Xx=—61isrejected. Hence, x=1 (1)

66. Solve for x,
8
tant(x+2) +tan 1 (x—-2) = tan™t (?9")"‘}0'

Delhi 2010C
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Q Apply tan™ x + tan ' y =tan"' X* Y Vin LHS%
L=y |
. of given equation and then proceed further to

obtain the desired result. :

i

PSR PR |

Given equation is
tan ' (x+2) + tan”' (x — 2) = tan™’ (%] x>0

= tan” [(x I ] =tan”" [—8—) (1%)
T—(x+2) (x —2) 79

[ tan”' x + tan 'y = tan”’ ( ki & ) ]
1—xy

oy 2; - (1/2)
1-(x"— 4 79
[ (a+b)(a-b)=a’- b7
2x 8 X 4
= — = = =
5-x> 79 5-x* 79
: 79x = 20 — 4x?
= 42+ 79x-20=0
= 4x2 +80x-x—-20=0
=  4x(x+20)-1(x+20)=0
= (4x —1) (x +20)=0

X = l0r—2(§l (1)
4

But it is given that, x>0

& x =—20 is rejected.
Hence, x=1/4 (1)
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6'7. Prove that

--1(4) .-1(5) ._1(16) r
sin | —=|+sin |—|+sSinT | —|=—
= 13 B ) 2
Delhi 2009
To prove sin™ (i +sin™ (_5_) +sin”! (E) e 2¥
' 5 13 65/ 2
e (3 (3
=sin"| = 1/ - 1}1—1—6— +sin~ (4-)
169 13

[ sin”'x+sin'y=sin™ (x\ﬁ—y +y\ﬁ—x ]

o B ()
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. _1(48 15) . (16)
=8I " ——%—+F 5N |-
65 65 65
- "63] - [16)
= SIn e 1111
65

. 1163 16 63
= SIn =iy
65 65 65

Fosin™ x+ sin'y=sinT (x {[1- y? +y 41=x7)]
i 9_3_‘[4225—256 16 \/4225—3969
65V 4225 4225

163, [3969 16 [256
= 5N
@5 4225 4225

¥ "63 ]
\65 65 65 65
it [3969 ik 256) _ Sin_1(4225): sin~'(1)
4225 4225
1

> The principal value branch of sin” x is

&y

- LHS = sin™' (sin E) =T = RIS (1)
2) 2

Il
-+
=

Hence proved.
Alternate Method Given equation,

5in'1(i) + sin” '(i) +sin” ‘(]—9) i
5 13 65 2
; _1[4] i _1[5] T ; _1(16)
= sim = |+sin”| =]|==-=sin""|—
5 13 ¥, 65
:sin“‘(ﬁ]+ sin'1(i]= cos” (16) (i)
5 13 65

[ g— sin~'@=cc ! 9] (1)

|

Hence, Eqgs. (i) and (ii) are equivalent. Now,
we have to prove Eq. (ii).

Now do same as Que 42.
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68. Prove that

3 4 3 1( 8 b8
o 1 1 )
=4 (F 2 —tan? | = | ==
tan (J tan (5) (19) :
All India 2009C
(3 . 3 1 8) T
. Toprove,tan” | = |+tan”'| = | —tan™'| — [=—
3 (4) \5] (19 4
3 ald r
LHS=(tan Py | =t
-+ 5)
(3 3
il =t
=tan'| 42 |—tan ' 2
-9 9
\ 20 |
tan_1x+tan"y:tan“[x+y]](1)
. 1-xy
(
=tan" i) a2
L 11/20 19
/
= tan™" gz)—tem‘1 (—8~] (1/2)
\ 11 19
(27 _8
= ~1 11 19
tan 57 3 (1
) 2n, g
\ 11 19
513 - 88
st 306 425 209
= 209 +216 o (209 425 (1)
209
=tan"' (1)
-+ The principal value branch of tan ™ 'x is
Le
2°2)
LHS = tan™! [tan (E)] _& )
4)| 4

= RHS
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69. Prove that

4 (1 (1
tan™ [%)Han_l (é—] +tan? (5) +tan 1(§)

All India 2009C; Delhi 2008, 2008C

Li
"

tan™! x + tan"]y:tan"(;’Ly} in first two
— Xy ;

terms and the last two terms of LHS and then§
apply the same identity again to the get the RHS.

To prove tan™ [l) + tan™! (1) +tan™ (lJ
3 5 7
+tan™ (T] ol
8 4
(1 (1
LHS ={tan (—) + tan (—)
i 5
+]tan™ [—1—) +tan (1
7 8

On applying the identity

- " X+
tan'x+tan1y=tan1( Y

), we get
1— xy

Get More Learning Materials Here : & m @) www.studentbro.in



1 1
LHS = tan™ +tan'| L8| (1w

=tan | —— |+ tan |} ——

=tan

=tan”'| ———{=tan"' (1) (1)

-+ The principal value branch of tan™ ' x is

(43
2°2)
s LHS = tan‘1[tan (E]] - - RHS (1/2)
4)1 4
"70. Solve for x,

tan™> (x =5 1) +tan?! (x L2 1) .|
Xx—2 x+2 ) & pelhi 2009C

Do same as Que 38. [Ans. +1/2]
71. Solve for x,

tan (1+ x]= s +tan™t x,0<x<l
1~X Delhi 2008C
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The given equation is
il X n: "
tan ’(—-):Z-i-tan 'x

1-x
=  tan” (H—XJ «tan x=l (1/2)
=X 4
[ 1+ x |

[ tan™" x — tan™" y = tan™’ (" sl )] (1%)

1+ xy
N 2
1+ x x+x2___tan3t_ )
T-x+x+x 4
2
1+x2=1=~1=1 [‘.*tanE=1]
1+ x 4
Hence, the given equation has many
solutions. (1)
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